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1. INTRODUCTION 
~ Contract  NASw-835 supports  s t u d i e s  r e l a t e d  t o  ionospheric  probing. The b a s i c  
t c o n t r a c t  c a l l s  f o r  a program of t h e o r e t i c a l  s t u d i e s ,  which were c a r r i e d  o u t  d u r i n g  
I t he  period 1 October 1963 - 1 October 1964. Amendment 4 provides f o r  a con t inua t ion  
I of these  t h e o r e t i c a l  s t u d i e s  f o r  an a d d i t i o n a l  yea r .  
Amendment 4 encompasses fou r  p r inc ipa l  t a s k s ,  as fol lows:  
1) Current d i s t r i b u t i o n ,  f i e l d  p a t t e r n s ,  and impedance of  long antennas 
I 
i n  the ionosphere.  
2) E f f e c t s  of f i n i t e  thermal v e l o c i t i e s  of t h e  charged p a r t i c l e s  i n  
the  ionosphere on antenna p r o p e r t i e s .  
3) E f f e c t s  of ion shea ths  around antennas on t h e i r  r a d i a t i o n  p r o p e r t i e s  
i n  the  ionosphere e 
4 )  Nonlinear e f f e c t s  of e l e c t r o n  motion on antenna r a d i a t i o n  from the  
s t andpo in t  of d i a g n o s t i c s  a 
The t o p i c s  covered i n  t h i s  r e p o r t  a r e  items l), ‘2),and 4 )  above. Note t h a t  t h e  
d i s c u s s i o n  of i t e m  2)  i s  included with t h a t  of  i t e m  4) . ;  It  i s  planned t o  r e a c t i v a t e  
work on i t e m  3)  du r ing  the nex t  q u a r t e r .  
Due t o  the l a te  d a t e  on which Amendment 4 w a s  i s s u e d ,  the p re sen t  r e p o r t  
covers  t he  six-month per iod 1 October 1964 - 31 March 1965.  It thus combines t h e  
material t h a t  normally would have appeared i n  two s e p a r a t e  q u a r t e r l y  progress  
r e p o r t s .  
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2 .  CURRENT DISTRIBUTION, DIRECTIVE PATTERNS, AND IMPEDANCE OF ANTENNAS 
The work program c a r r i e d  ou t  under the assignment of t a s k  1) i s  discussed 
i n  t h e  fol lowing sec t ion .  
2 . 1  CURRENT DISTRIBUTION 
A s  an outgrowth of the a n a l y s i s  of the impedance of  a d i p o l e  antenna, t he  
v a r i a t i o n a l  technique w a s  appl ied t o  optimize the propagation cons t an t  f o r  t he  
cu r ren t  a long the d ipo le .  This technique i s  discussed i n  d e t a i l  i n  S c i e n t i f i c  
Report No. 1 ( t o  be r e f e r r e d  t o  as SR 1 h e r e a f t e r ) .  Although the  v a r i a t i o n a l  
I technique i s  capable of optimizing the parameters i n  an assumed func t iona l  form 
f o r  t he  c u r r e n t  d i s t r i b u t i o n ,  i t  cannot determine whether t he  assumed func t iona l  
form i s  a c c u r a t e .  For t h i s ,  one must determine how c l o s e l y  the boundary cond i t ions  
a t  t h e  s u r f a c e  of the antenna are s a t i s f i e d .  I n  p a r t i c u l a r ,  t h e  usua l  assumption 
of a s i n u s o i d a l  form may n o t  be s u f f i c i e n t l y  accu ra t e  f o r  long antennas.  
I 
The l i m i t i n g  case of a long antenna i s  one of i n f i n i t e  length.  This i s  
a c t u a l l y  simpler t o  handle mathematically,  s ince  end e f f e c t s  disappear .  Thus the  
case  of an i n f i n i t e ,  p e r f e c t l y  conducting w i r e  has  been s e l e c t e d  f o r  i n i t i a l  s tudy.  
The w i r e ,  of  r ad ius  a ,  i s  o r i en ted  a t  an a r b i t r a r y  angle  8 w i t h  r e s p e c t  t o  the  
. .  
t e r r e s t r i a l  magnetic f i e l d  b, which i s  i n  the z - d i r e c t i o n .  
A s  i n  the d i p o l e  impedance a n a l y s i s ,  two r ec t angu la r  coordinate  systems a r e  
used, C(x,y,z)  and C ' ( x ' , y ' , z ' ) ,  (see Fig. l), where z i s  along €& and where 2' 
along the  a x i s  of t h e  c y l i n d e r .  The x and x '  a x i s  co inc ide ,  so t h a t  the a x i s  0 2  
the  c y l i n d e r  i s  i n  the yz-plane. 
2 
\ Y '  
1 
I Fig. 1 
The e l e c t r i c  f i e l d ,  B(x), i s  given in terms of a Green's func t ion  representa-  
t i o n  by 
t 
where 
t h e  s u r f a c e  c u r r e n t  dens i ty .  
i s  t h e  p o s i t i o n  of the f i e l d  point and 3 t h a t  of t he  source,  and .J(z) i s  
With the  above r ep resen ta t ion  f o r  EJxJ, i n t e g r a l  equat ions f o r  may be 
determined from the boundary cond i t ions  on the  su r face  of  t he  c y l i n d e r ,  which are 
the  vanishing p o i n t s  of the t a n g e n t i a l  components of  E@ a t  the  su r face  of t he  
cy l inde r .  Hence 
where 2' i s  the  u n i t  normal t o  the  cyl inder  and r '  i s  the  r a d i a l  v a r i a b l e  of the 
3 
I 
I c y l i n d r i c a l  coordinates  r ' ,  @',  z '  i n  the C' system. Since .J(s) i s  a su r face  
I 
c u r r e n t  d e n s i t y ,  i t  may be represented as t h e  sum of v e c t o r s  i n  the  z ' ,  and $ '  
d i r e c t i o n s  , , 
I - J kh = Jlhlk + J 2 ( x _ ) " e d  (3 1 





Since the  i n t e g r a l  equat ions (2) a r e  no t  r e a d i l y  so lvab le  by known techniques 
as long a s  J IW and Jaw are completely a r b i t r a r y ,  we are led t o  making assumptions 





where the  Four i e r  ser ies  &ane in@'  and gabn" in@' r ep resen t  a r b i t r a r y  @ '  dependence, 
whose c o e f f i c i e n t s  are t o  be determined. K i s  the propagation cons t an t ,  which a l s o  
i s  t o  be determined. 
Af t e r  s u b s t i t u t i n g  ( 4 )  and (5) i n t o  (2), i t  may be shown t h a t  the t a n g e n t i a l  
components of 
c o e f f i c i e n t s  an, bn, the r a d i u s  a and the propagation cons t an t  K .  That i s ,  
have the  form eikz' mul t ip l i ed  by a func t ion  of @ I ,  the  Four i e r  
and 
4 
The cons t an t s  an, bn and K must be determined so t h a t  f and g are i d e n t i c a l l y  
I 
zero.  To do t h i s  we expand f and g in F o u r i e r  series 
i 
1 By uniqueness of Fourier  series,  we have the se t  of equat ions 
I C.(a,a,,b,,K)=O (10) 
I dn(a,a .m,brn,  K b  0 (11) 
I 
t o  determine am, bm and K. To s impl i fy  (10) and (ll), on ly  the leading o rde r  t e r m  
i n  the  small parameter a w i l l  be r e t a ined .  
1 
I 2 .2 DIRECTIVE PATTERN 
The d i r e c t i v e  p a t t e r n  of an antenna i s  the  re la t ive v a r i a t i o n  of t he  f a r  f i e l d  
with the angu la r  coord ina te s  about the antenna. The f a r  f i e l d  i s  t h a t  a t  a d i s t a n c e  
which i s  very l a r g e  compared t o  the  dimensions of t h e  c u r r e n t  d i s t r i b u t i o n  and the 
wavelength. Consequently, t he  cu r ren t  d i s t r i b u t i o n ,  f o r  a given d i r e c t i o n ,  i s  
"seen" from the f i e l d  po in t  as a local ized source.  Thus the e s s e n t i a l  information 
regarding the  p r o p e r t i e s  of t he  f a r  f i e l d  can be determined by i n v e s t i g a t i n g  the  
f a r  f i e l d  o f  a p o i n t  source.  For any other c u r r e n t  d i s t r i b u t i o n ,  t h i s  r e s u l t  
can be i n t e g r a t e d  over the cu r ren t  d i s t r i b u t i o n  t o  o b t a i n  the r a d i a t i o n  p a t t e r n  
of t he  f i n i t e  source.  This last  i n t e g r a t i o n  p r e s e n t s  no d i f f i c u l t y .  
A r a t h e r  gene ra l  t reatment  of t he  f a r  f i e l d  problem f o r  a homogeneous cold 
c o l l i s i o n l e s s  ionosphere was given by Arbel and Felsen [l]. 
p r o p e r t i e s  depend h e a v i l y  on the  d i spe r s ion  curve, which i s  determined by the  
normalized ionosphere parameters X and Y. Arbel and Felsen divided t h e  p o s i t i v e  
The f a r  f i e l d  
5 
I XY-plane i n t o  9 regions,  each g iv ing  r i s e  t o  a d i f f e r e n t  form of d i s p e r s i o n  curve.  
I Actual ly ,  however, t he re  are 14 d i s t i n c t  regions,  as discussed sometime ear l ie r  
by Clemmow and Mullaly [ Z ] .  
I n  p a r t i c u l a r ,  f o r  c e r t a i n  cases  where the wave frequency i s  w e l l  below the plasma 
Thus, the Arbel-Felsen t reatment  i s  incomplete. 
l and gyro f r equenc ie s ,  m u l t i p l e  pa ths  are poss ib l e .  Since t h i s  s i t u a t i o n  appears 
t o  be of importance t o  s a t e l l i t e  r a d i o  astronomy, we s h a l l  d i s c u s s  i t  i n  d e t a i l .  
F i r s t ,  the  14 c l a s s e s  of d i s p e r s i o n  curves w i l l  be discussed,  and then the 
1' 
I determinat ion of  the f a r  f i e l d  f o r  the VLF s i t u a t i o n  mentioned above w i l l  be c a r r i e d  
o u t .  
c o l l i s i o n  frequency, s i n c e  t h i s  i s  found t o  e l imina te  a s i n g u l a r i t y  of the f i e l d  
The Arbel-Felsen t reatment  i s  extended by inc lud ing  a small  normalized I 
due t o  a p o i n t  source.  The procedure presented inc ludes  t h a t  t o  be followed i n  t h e  
general  ca se .  
I 
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2 . 2 . 1  Analysis of Dispersion Curve 
In  determining the  f a r  f i e l d  from a p o i n t  source,  Green's funct ion 
r e p r e s e n t a t i o n  (1) i s  used f o r  the e lectr ic  f i e l d  E O ,  where 
The ma t r ix  N i s  f a m i l i a r  from the impedance a n a l y s i s .  D ,  expressed i n  c y l i n d r i c a l  
coordinates  0 ,  p, where CJ i s  the  coordinate p a r a l l e l  t o  t he  d i r e c t i o n  of the 
magnetic f i e l d  and p i s  the r a d i a l  coordinate  normal t o  the  d i r e c t i o n  of  t he  magnetic 
f i e l d ,  i s  given by 
Of p a r t i c u l a r  i n t e r e s t  i n  the f a r  f i e l d  c a l c u l a t i o n  are the r o o t s  of D = 0 
i n  the  c o l l i s i o n l e s s  case, t h a t  i s ,  when the parameters cy1, cy2 , cy3 are rea l .  
These parameters a r e  then expressed i n  terms of t h e  normalized plasma and gyro 
frequency parameters X and Y through 
- x 
CX, = I-- I - Y 2  
where a ba r  i s  used over cyl ,  cy2, a3 to i n d i c a t e  the  c o l l i s i o n l e s s  case. 




Dependi g on t h  re 1 ti re values  of  X and Y, o12 and 022 may be p o s i t i v e  and 
real ,  nega t ive  and rea l ,  o r  complex. We a r e  s p e c i f i c a l l y  i n t e r e s t e d  i n  the p o s i t i v e  
real va lues  of o12 and c ~ ~ ~ ,  f o r  p o s i t i v e  values  of p2 so t h a t  ol and o2 may be rea l .  
I n  the c o l l i s i o n l e s s  case ,  t h e  rea l  values of  o1 and o2 determine the propagating 
waves i n  t h e  medium. Likewise we a r e  i n t e r e s t e d  i n  the  shape of t h e  curves ol, o2 
p l o t t e d  ve r sus  p, s i n c e  these  w i l l  determine t h e  s t a t i o n a r y  r a y  paths .  O f  p a r t i c u l a r  
i n t e r e s t  i s  the p o s i t i o n  of re la t ive maxima and minima, t u rn ing  p o i n t s  of t h e  curve,  
i . e . ,  p o i n t s  f o r  which 
2 d CTL 
d p' 
= o  
and double t u r n i n g  p o i n t s ,  i . e . ,  po in t s  f o r  which 
d 2 c i  - d 3 c ,  - = o .  
dp' d p 3  
The real  values  of o1 and o2 are determined by consider ing the  s igns  and 
t h e  re la t ive  magnitude of t he  q u a n t i t i e s  U and W, i n  (15) which are given by 
u= pys, +is3) - 2 c < , o c ,  (18) 
and 
The s i g n  of W depends on t h e  s i g n  of G3, CY1, t h e  r e l a t i v e  magnitudes of & and 
tila - G22 
61 
and the  value of p2 wi th  r e spec t  t o  the l a s t  two q u a n t i t i e s .  Of concern 
are the  r e l a t i v e  magnitudes of U' and W in a rcgloil of  t he  IT,, Y plszle T I T ~ P ~ P  
[see (16)] .  
I n  [l] t h e  f i r s t  quadrant of t he  X,  Y plane i s  divided i n t o  n ine  regions.  
The d i s p e r s i o n  curve i n  each region d i f f e r s  from t h a t  i n  ad jacen t  regions by 
whether o r  no t  one, both,  o r  none of  the r o o t s ,  ol, o2 are r e a l  and whether o r  n o t  
8 
o1 and cr2 have unbounded r e a l  va lues .  
9 regions i s  given i n  F ig .  2 ,  accompanied by t h e  i n e q u a l i t i e s  which determine 
t h e  reg ions .  
The graph of  the  X ,  Y plane d iv ided  i n t o  the 
FIG. 2 
Region A: l > X + Y  
Region B: ’ X + Y > l > X + Y a  
Region C: X + J ? > l > x a + Y a  
Region D: xa + 9 > 1 > max [Y, XI 
Region E: y > i > X  
Region F: min (Y, X) > I > X - Y 
Region G: X > 1 > max [Y, X - Y] 
Region H: x - Y > €  > Y  
Region I: min [Y,  X - Y] > 1 
9 
I I n  t h e  c a l c u l a t i o n  of t he  far  f i e l d  due t o  a poin t  source ,  i t  i s  necessary 
I t o  know when the  curves of ol , o2 versus p possess tu rn ing  po in t s  (poin ts  of i 
~ 
i n f l e c t i o n )  , t h a t  i s  , t he  po in t s  f o r  which 
It is  a l s o  necessary  t o  determine the double t u r n i n g  po in t s  f o r  which 
I n  determining these  p o i n t s ,  w e  f i n d  tha t  some of the  reg ions  given above must be 
I 
1 subdivided i n  order  t h a t  t h e  number and loca t ion  of t h e  tu rn ing  po in t s  be s p e c i f i e d .  
I 
Fig .  3 shows the  X ,  Y plane wi th  the  subregions s p e c i f i e d .  
included when regions d i f f e r  from those given i n  Fig.  2. 








Region E .2 :  
Region F.l: 
Region F .2 :  
Region F.3: 
Region G . l :  
1 Y 
.. 
2 < I < min (Y,  X) 
(2 - X ) ( Y  + 2 )  
max p, (2-x) 2 (Y+2) J c ~ < x  
Region 1 . 2 :  
C h a r a c t e r i s t i c  curves w i l l  now be given f o r  each region o r  subregion. As t he  
I 
curves have some common c h a r a c t e r i s t i c s ,  these w i l l  be discussed f i r s t  and then  a 
more complete d e s c r i p t i o n  f o r  each region w i l l  be given. The a c t u a l  curves are 
given a t  t he  end. 
F i r s t  of a l l ,  w e  note from (15) t h a t  t h e  d i spe r s ion  curves are symmetric wi th  
r e s p e c t  t o  both the a and p a x i s ;  thus,  we may f r equen t ly  confine our d i scuss ion  
t o  the  upper h a l f  plane (0 2 0). I f  the curve i n t e r s e c t s  the p-ax8s i t  does so 
a t  e i t h e r  p = f o r  p = -f- pz where 
a,= 
4 = J - a, 0 
I f  t he  curve i s  unbounded it  has  f o r  asymptotes Q = f p , , / m  
Toward determining maxima and minima o f  t h e  curves,  one d i f f e r e n t i a t e s  ai a 





Thus, 1 i s  zero when the  numerator of (22)  i s  zero;  and upon s u b s t i t u t i o n  f o r  
oi2 we o b t a i n  t h e  po in t s  for which the re  a r e  poss ib l e  maxima o r  minima t o  be 
p = o  
and 
The e x i s t e n c e  of maxima and minima a t  these po in t s  depends on whether o r  n o t  




The tu rn ing  p o i n t s  are determined by t h r e e  methods. One is  by no t ing  the 
poss ib l e  maxima and minima. 
r e l a t i v e  maxima and minima, a tu rn ing  point must l i e  between. This i s  the  case  
I f  i n  a s ing le  branch of a i ,  oi > 0,  we o b t a i n  both 
i n  Regions F 1, F 3 ,  G 1, I 2 .  Likewise, i f  we consider  p as a func t ion  of 0 and 
o b t a i n  on a branch both maxima and minima f o r  p as a func t ion  of cry (p > 0 ) ,  then 
a tu rn ing  po in t  must l i e  between the two extremes. Th i s ’ . i s  the case in  Region D. 
L a s t l y ,  t u rn ing  po in t s  may occur without t he  occurrence of a l t e r n a t i n g  extremes. 
The method of determining the  ex i s t ence  of t hese  tu rn ing  po in t s  i s  discussed 
thoroughly i n  [ 2 ] .  B r i e f l y ,  one determines the expression f o r  1 = 0 and then 
seeks t o  determine f o r  what va lues  of  X and’Y t h i s  equat ion has a double r o o t .  This  
2 
dpa 
expression determines t h e  boundary between Region E 1 and Region E 2 .  It i s  then 
r e a d i l y  sham t h a t  the tu rn ing  po in t s  separate  i n  Region E 1 f o r  r ea l  values  of o1 
and move i n t o  t h e  complex plane i n  Region E 2 .  
of t h e  tu rn ing  p o i n t s  e x p l i c i t l y  bu t  for  ease of n o t a t i o n  w i l l  denote them by 
We s h a l l  no t  determine t h e  l o c a t i o n  
p = f p ’ ,  * p!. 
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The following i s  the  d i scuss ion  of the d i spe r s ion  curve i n  each region o r  
subregion: 
Region A: l > X + Y  
Here we have bounded curves f o r  a1 and a2 where a1 and a2 i n t e r s e c t  the p-axis 
ac  p = f & and p = f p2 , r e spec t ive ly .  
p = 0 (a > 0) and n e i t h e r  curve possesses tu rn ing  po in t s .  
Both curves have r e l a t i v e  maxima a t  
Region B: X + Y > l > X + Y a  
Here we have a curve only f o r  o1 and the  curve i s  bounded. It  i n t e r s e c t s  
the p-axis  a t  p = f&, has a re la t ive maximum a t  p = 0,  and has no tu rn ing  p o i n t s .  
Region C: X + P > 1 > 2 + 9  
Here we have a curve only f o r  al. There i s  a bounded branch i n t e r s e c t i n g  t h e  
p-axis a t  p = f ,&, having a r e l a t i v e  maximum a t  p = 0 (a, > 0) , and possessing 
no tu rn ing  p o i n t s .  There i s  a l s o  an unbounded branch i n t e r s e c t i n g  the p-axis a t  
p = f p2 and possessing no tu rn ing  points .  
Region D: 9 + Ya > 1 > max [Y,  X ]  
Here we have curves f o r  both a1 and 02. There i s  a bounded branch f o r  a1 
i n t e r s e c t i n g  the p-axis a t  p 
and possessing no tu rn ing  po in t s .  
f &, having a r e l a t i v e  maximum a t  p = 0 (a > 0), 
There i s  an unbounded branch f o r  o1 i n t e r s e c t i n g  
n e i t h e r  axis,  having no tu rn ing  po in t s ,  and e x i s t i n g  f o r  ao > p > p4, - a < p < - p4 
where 
For a2 we have a bounded branch i n t e r s e c t i n g  the p-axis a t  p = f p2 and e x i s t i n g  
f o r  p4 S p S p2 and - pa 5; p 5 -p4. There are tu rn ing  p o i n t s  of t he  curve a t  
p = f p ' .  
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1 Y Region E 1: X C 1 C min L 
In t h i s  region we have bounded curves f o r  
the p-axis  a t  p = f &, has no turning points  
(a > 0 ) .  o2 i n t e r s e c t s  the p-axis  a t  p = f p2 
p = 0 (0 > 0); t h e r e  are two tu rn ing  points  of 
a t  p = f p' and p = f p", r T V  
both u1 and 02. 
and a r e l a t i v e  maximum a t  p = 0 
and has  a r e l a t i v e  maximum a t  
t h i s  curve i n  each quadrant located 
ul i n t e r s e c t s  
1 maxL", 1 
+ -3y - 2 + 2 J2Y (Y-1) Region E 2: 
Here we have bounded curves wi th  no tu rn ing  p o i n t s  f o r  ol, 02. Each curve 
has  a r e l a t i v e  maximum a t  p = 0 (0 > 0) ,  and o1 and a, i n t e r s e c t  the p-axis  a t  
p = f pz and p = f&, r e s p e c t i v e l y .  
It  should be noted he re  that t h e  boundary between Region E 1 and Region E 2 
i s  determined i n  [ Z ] .  A t  t h i s  boundary the tu rn ing  p o i n t s  coalesce o r  p '  ,PI' 
so t h a t  a t  t h e  boundary 
2 Region F 1: min (Y, X) > 1 > 
(2-X)'(Y+2) 
Here we have an unbounded branch for  O, and a bounded branch f o r  ol. cr2 has 
a minimum a t  p = 0 (0 > 0) and no turning p o i n t s .  
p = 0 (a > 0) and maxima a t  p = f p  (a > 0 ) .  
ul ha5 a r e l a t i v e  minimum a t  
There are t u r n i n g  p o i n t s  f o r  o1 i n  
each quadrant a t  p = f p '  where 0 < p '  < 5 .  u1 i n t e r s e c t s  t h e  p-axis a t  p = f p2. 
Again we have an unbounded branch f o r  &a and a bounded branch f o r  ul. However, 
i n  n e i t h e r  branch are t h e r e  tu rn ing  points .  o2 has a relative minimum a t  p U (0 > U j .  
oI i n t e r s e c t s  the p-axis  a t  p = f p2 and has a re lat ive maximuqat p.=  0. 
It should be noted t h a t  a t  the boundary between the  regions F . l  and F.2,  t h a t  




(X-2)(Y-2) Region F 3: min (x,. 
Otherwise t h e  curve is as i n  Region F 2 .  I 
> 1 > x - y 1 2 
There i s  an unbounded branch f o r  a2 and a bounded branch f o r  al. a1 has  no 
tu rn ing  p o i n t s ;  i t  e x i s t s  f o r  - p2 < p pz and has  a maximum a t  p = 0 (a > 0 ) .  
0; has a re la t ive maximum a t  p = 0 (a > 0) ,  minimums a t  p = f (a > 0 ) ,  and thus  
tu rn ing  p o i n t s  i n  each quadrant  a t  p = f p ' ,  0 S p '  S 3 .  We no te  t h a t  a t  t he  
bibundary between F 2 and F 3 ,  t h a t  i s  where (X-2)(Y-2) = 2 and X-Y 
so t h a t  we  have a t  p = 0 
1, 7 4 p '  + 0, 
c 1 
I 
2 < l e x  
max L.. (2-x)  (Y+2) _I Region G 1: 
There i s  no curve f o r  a1 and a bounded curve f o r  a2. a2 exis ts  f o r  
- pz g p S p2.  
p = * ?  . 
It has  a r e l a t i v e  minimum a t  p = 0 (a > 0) and a maximum a t  
Thus t h e r e  i s  a turn ing  poin t  i n  each quadrant  a t  p = f pi 0 5 p '  s p.  
p (2-X) ' J  (Y+2) Region G 2: max LY, X-YJC 1 C min 
Again t h e r e  i s  no curve f o r  a1 and a bounded curve f o r  aZ. 
- pz < p 4 pz , h a s  a maximum a t  p = 0, (a >' 0) and no tu rn ing  p o i n t s .  
a t  t h e  boundary of Region G 1 and G 2 ,  that is, ( X ' L I \ L l L I  2,  'i 1, ,. 
so t h a t  a t  p = 0 
a, exis ts  f o r  
We no te  t h a t  
- \  IVL')\ - - - p - Q  - <  
P ' O  p 42 f 'O 
Otherwise the  curve i s  as given i n  Region G 2 .  
I Region I 1: min [Y, X-YI > 1 > (X-’)(Y-’) 2 
I We have no curve f o r  al and an unbounded branch f o r  a,. a, e x i s t s  for 
I 
i l- 1 - -= s p 5 a, does not  i n t e r s e c t  the  p-ax is  and has  a minimum a t  p 0 (a > 0) .  
x-2)(Y-2q , 1, 
2 Region I 2 :  min IY, x - Y, ( 
Again the re  i s  no curve f o r  a1 and an unbounded branch f o r  a,. o2 e x i s t s  
f o r  - Q) S p s and does no t  i n t e r s e c t  the p-axis .  There i s  a r e l a t i v e  maximum 
, a t  p = 0 (o > 0)  .and a r e l a t i v e  minimum a t  p = f y (a > 0); t hus ,  t he re  i s  a 
turn ing  po in t  i n  each quadrant a t  p = f p l  where 0 S p ’  S F. A t  the boundary 
x-2)(y-2) = 1 and X - Y > 1, between Region I 1 and Regi-on I 2 ,  t h a t  is  where ( 
I 
I 2 
I p -, p ’  0 so t h a t a t  p = 0,  we have - 
I Other p r o p e r t i e s  a t  the  curve are as given in  Region I 1. 
16 
I Region A: l > X + Y  
1 
FIG. 4 
Region B :  X + Y > 1 > X + 9 
FIG. 5 
RegionC: X + p  > l > p  4-2 
17 




Y Region E 1: X < 1 
1' 
FIG. 8 b 






Region F 1: min (Y, X) > 1 > 
i 
(2-x)  (Y+2) I 
I C  
I 
2 K. .. (X-2)(Y-2)7 - FIG. l1 
L^ - I' * J  Region F 2 :  min (x, ' >  i 7 m m  (2  -XI (j1+2) J 
I 
Region F 3: min (x, -)>I (X-2) (Y-2) > x - Y 
FIG. 12 
19 
I I  
Region G 1: X >  
FIG. 13 
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I In  a d d i t i o n  to  the previous curves i t  would be of i n t e r e s t  t o  determine 
the curves a t  the boundaries between the r eg ions .  
between E . 2  and E 1, between G 1 and G 2 ,  between F 1 and F 2 ,  between F 2 and 
The curves f o r  the boundaries 
I F 3 ,  and between I 1 and I 2 have already been discussed.  We now look a t  the 
I remaining boundaries.  
A t  t he  boundary between Region A and Region B ,  when X + Y = 1, the curve 
f o r  o2 sh r inks  t o  the s i n g l e  po in t  a t  the o r i g i n  while t he  curve f o r  ol, remains 
the  same as i n  both regions.  A t  t h e  boundary between Region B and Region C ,  when 
X + = 1, the unbounded branch i s  not y e t  present  ( s ince  when X + ka = 1, 
p2 - a); t hus  we  have only the curve f o r  o1 as given i n  both r eg ions .  A t  the 
boundary between Region C and D ,  where 9 + ? = 1, ( J ~  has a real  value only a t  
p = f p2; t hus ,  we have a d i spe r s ion  curve f o r  o1 as i n  Region C .  
I 
I 
A t  t h e  boundary between Region D and Region E ,  where Y = 1, 0 < X < 1, the 
s i t u a t i o n  i s  somewhat more complex. 
coincide on the o -ax i s .  Thus f o r  a graph of the d i s p e r s i o n  curve w e  have (where 
we have n o t  l abe led  o1 and 02) 




I A t  the  boundary between Region G and Region F ,  where Y = 1, 1 5 X 5 2 ,  we 
have a bounded branch of the  d i spe r s ion  curve as given i n  the  2 reg ions .  The 
unbounded branch does not  appear u n t i l  Y > 1. Again, as when Y = 1, 0 < X S 1, 
the  r o l e s  of  o1 and o2 are interchanged. 
I 
I 
I F i n a l l y ,  a t  the  boundary between Region F and Region I ,  where X - Y = 1, the  
curve f o r  C T ~  reduces t o  the  poin t  a t  the  o r i g i n  and the  curves f o r  oa remain the 
same as given i n  each of the reg ions .  
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2.2.2 Determination of the Far Field 
The determinat ion of t he  f a r  f i e l d  produced by a c u r r e n t  d i s t r i b u t i o n  
S k )  follows from a s t r a igh t fo rward  a p p l i c a t i o n  of  (1). 
i s o t r o p i c  medium, f o r  which the Green's func t ion  G k - a )  is'known i n  closed form, 
t h i s  involves  performing the  ind ica t ed  i n t e g r a t i o n s  t o  o rde r  1 / R ,  where R = 15 - 51 
i s  the  mean d i s t a n c e  from the  c u r r e n t  d i s t r i b u t i o n  t o  the  (remote) f i e l d  p o i n t .  
For a homogeneous a n i s o t r o p i c  ionosphere, however, the Green's func t ion  i s  
a v a i l a b l e  on ly  as a t r i p l e  Fourier  i n t e g r a l ,  so t h a t  t he  d i s t a n c e  R i s  t i e d  up 
wi th  the angular  v a r i a b l e s .  I n  add i t ion ,  under some cond i t ions  focusing can 
take place so t h a t  t h e  f i e l d  no longer v a r i e s  as 1 / R .  
For a homogeneous 
The f a c t  t h a t  R i s  l a r g e  allows the eva lua t ion  of (1) t o  be performed by 
asymptotic methods. Thus, Arbel and Felsen [ 3 ]  t r e a t e d  t h i s  problem i n  a 
r a t h e r  general  way f o r  a c o l l i s i o n l e s s  ionosphere by applying the method of 
s t e e p e s t  descen t .  Their  t reatment  included the  i n v e s t i g a t i o n  of s p e c i a l  domains 
of t he  ionosphere parameters which can be encountered. However, t h e  domains 
i n v e s t i g a t e d  by them do n o t  include an important region of the VLF spectrum, 
Consequently, a b r i e f  d e r i v a t i o n  of  t he  a p p l i c a b l e  r e l a t i o n s  w i l l  be given he re  
f o r  t h i s  case. The t reatment  w i l l  also be extended t o  include a s m a l l  normalized 
c o l l i s i o n  frequency, s i n c e  t h i s  i s  found t o  e l i m i n a t e  a s i n g u l a r i t y  of  the f i e l d  
due t o  a po in t  source.  
4 me treaiiiielli iii this s e c t i ~ ; l  is I T ~ s I ~ ~ ~ ~  0- - 3 s  fnllnws: Sec. 2 .2 .2 .1  con ta ins  
the  p re l imina ry  r educ t ion  of the Green's func t ion  i n t e g r a l s  t o  a form where an 
asymptotic eva lua t ion  may be performed. A f i r s t - o r d e r  eva lua t ion  of the f i e l d  i s  
then c a r r i e d  o u t  i n  Sec. 2.2.2.2 by the method of s t e e p e s t  descent ,  which i s  based 
on t h e  s t a t i o n a r y  p r o p e r t i e s  of the phase func t ions ,  f o r  i s o l a t e d  s t a t i o n a r y  
24 
p o i n t s .  The l o c a t i o n  of t h e  s t a t i o n a r y  po in t s  r e q u i r e s  a knowledge of t h e  
dependence of the phase funct ion on t h e  propagation constant  parameter. 
This has been inves t iga t ed  i n  Sec. 2.2.1. The f i r s t - o r d e r  technique of 
Sec. 2.2.2.1 i s  n o t  app l i cab le  f o r  propagation along the  t e r r e s t r i a l  magnetic 
f i e l d  (8 = 0 ) ,  s o  t h i s  s p e c i a l  case i s  t r ea t ed  i n  Sec. 2.2.2.4. The 
procedure of Sec. 2.2.2.1 a l so  i s  based on t h e  cond i t ion  t h a t  t h e  s t a t i o n a r y  
p o i n t s ,  i f  more than one ex is t ,  are w e l l  separated.  I n  c e r t a i n  d i r e c t i o n s ,  
two s t a t i o n a r y  p o i n t s  may coalesce t o  produce a focusing of r ays ,  with 
corresponding enhancement of the f i e l d .  I n  t h e  neighborhood of such d i r e c t i o n s  
a r ev i sed  procedure i s  necessary.  This i s  sketched i n  Sec. 2.2.2.5. 
I 2.2.2.1 Far F ie ld  of a Point  Source 
I 
(1) f o r  t h e  f i e l d  of a c u r r e n t  d i s t r i b u t i o n  involves 
~ 
t he  Green's func t ion  expressed as  a Fourier  i n t e g r a l  (12).  The l i m i t s  of 
t h e  q - i n t e g r a t i o n s  i n  (12) run from - t o  a. This Green's func t ion  
r e p r e s e n t s  a spectrum of plane waves of a l l  ( i nc lud ing  complex;?) d i r e c t i o n s .  
I N and D a re ,  i n  gene ra l ,  f o u r t h  degree polynomials. Consequently, i n  
i n t e g r a t i n g  (l), t h e  ques t ion  of convergence ar ises .  This i s  resolved by 
Jc Complex d i r e c t i o n s  correspond t o  waves having l o n g i t u d i n a l  components of 
f i e l d ;  i . e . ,  TM- o r  TE-waves. 
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cons ide r ing  what i s  meant by a "point source." 
A point  source i s  the  l i m i t  approached by a s h o r t  c u r r e n t  element as i t s  
length (measured i n  wavelengths) i s  reduced i n d e f i n i t e l y .  But i n  ( 1 2 ) ,  
t h e  i n t e g r a t i o n  over q includes i n f i n i t e s i m a l l y  s h o r t  wavelengths. Thus, although 
a po in t  source is i n f i n i t e s i m a l l y  s h o r t  compared t o  a wavelength i n  t h e  medium, 
i t  is  no t  i n f i n i t e s i m a l l y  s h o r t  compared t o  t h e  wavelength as q 4 i n  the 
i n t e g r a l  of (12) .  Hence, phase in t e r f e rence  s e t s  i n  between t h e  f i e l d  con t r ibu t ions  
due t o  the e x t r e m i t i e s  of t he  point  source as q +Q) ,  and t h i s  i n su res  convergence 
of t he  i n t e g r a l .  
Wri t ing t h e  c u r r e n t  d i s t r i b u t i o n  of t h e  po in t  source as 
Jk,) = hhg)& 
where Ac i s  a u n i t  vector  i n  t h e  c u r r e n t  d i r e c t i o n  and S ( 5 )  i s  t h e  Dirac 6-  
func t ion ,  t h e  ~1 - in t eg ra t ions  i n  (1) a r e  r e a d i l y  performed [ 4 3 ,  so  t h a t  (1) 
becomes 
where 
The po in t  of observat ion has t h e  coordinates  
(?s in  e c c s o ,  p r ; n e s ; n  4 ,  pees e) 
where 
e = ! $ ? ;  
It i s  convenient t o  introduce c y l i n d r i c a l  q-coordinates a l igned w i t h  t h e  
terrestrial  magnetic f i e l d  d i r e c t i o n .  Thus, p u t t i n g  
and no t ing  t h a t  t h e r e  i s  no lose i n  g e n e r a l i t y  in measuring fl and cp from t h e  
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common x ,  X I - a x i s  of the two coordinate  systems (see Figs.  2 and 3 of [ 3 3 ) ,  
( 2 4 )  becomes 
The mat r ix  N ( q )  w i l l  be w r i t t e n  as  N he rea f t e r .  
be w r i t t e n  as 
D ( q )  i s  given by (13) ,  which may 
A C- -0 (3  (q.i.- ~ : ) ( q  - 6: ) 
where the  roots  g1 2 and a2' a r e  given by (15).  (When c o l l i s i o n s  a r e  present , Fn 
i s  t o  be replaced by a n . )  
It should be noted t h a t  t h e  roo t s  do not depend on p. 
property t h a t  t he  plane wave spectrum of the Green's funct ion is symmetrical about 
This corresponds t o  t h e  
the  magnetic f i e l d  d i r e c t i o n .  
The 0 ' s  depend on the ionosphere parameters through rxl and as. It may be 
shown t h a t ,  when c o l l i s i o n s  are present  9 m ( o I y 2 )  C 0. 
here ,  t h e  normalized c o l l i s i o n  frequency i s  s m a l l .  
expanded i n  a power s e r i e s  i n  z t o  f i r s t  o rder ;  i.e. 
I n  the case  being considered 
Consequently, cl,a can be 
- - 
The expressions f o r  5 and 5 a r e  developed i n  Sec. 2.2.2.3. 
f o r  t he  VLF case  being considered he re ,  3 
Henae, t o  O ( z 2 ) ,  a1 i s  negat ive imaginary. 
wave, which i s  non-propagating a t  V U .  Thus, a t  V U ,  t h e  extraordinary wave is 
r e spons ib l e  f o r  the  propagated f i e l d .  
0 i s  p o s i t i v e  r e a l ,  w h i l e ,  
i s  negative' imaginary and.Z2 i s  real. 
This r o o t  corrFsponds t o  the o rd ina ry  
The qe - in t eg ra t ion  i n  (26) may now be performed by residues t o  y i e l d  
where N,, a denotes .N(ol, a 1 
Since  does not  e n t e r  into a,, a ,  the  p- integrat ion*of  (28) may be performed 
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t o  ob ta in  Bessel funct ions of argument w = p s i n  0 .  The i n t e g r a l s  encountered 
are t h e  f o l l w i n g :  
wcos,e 
sin p 
I f  t hese  are combined w i t h  t h e  proper components of N encountered i n  e v a l u a t i n g  
E ( x ) ,  i t  i s  found t h a t  t h r e e  types of i n t e g r a l s  r e s u l t :  
N N  
where b ( p )  and $(p) are even functions of p ,  wh i l e  $(p) i s  an odd func t ion  of 
p. Since o1 and a, are a l s o  even functions of p ,  as can  be seen from (15) .  
t h e  [ ]-expressions i n  t h e  integrands of a l l  t h r e e  of t h e  i n t e g r a l s  i n  (29)  
are even funct ions of p. Consequently t h e  i n t e g r a t i o n  may be extended from 
t o  m by use of t he  r e l a t i o n  
2 J,,(pw)= Hf)(pw)- e-inn H t ) ) ( - p w ) ,  
F i n a l l y ,  except i n  t h e  neighborhood of s i n  0 = 0 (this case w i l l  be t r e a t e d  i n  
Sec. 2.2 .2 .4 ,  the  asymptotic form of the Hankel func t ion  may be used,  s i n c e  f o r  
t he  f a r  f i e l d ,  t h e  argument is l a rge :  
Correspondingly,  t h e  expression f o r  the f a r  f i e l d  takes .the form 
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where m(un) i s  a mat r ix ,  and 
I 2 i&‘ 
C , = 2 ’ 7 r * e  4 c 
2.2.2.2 Firs t -Order  Evaluat ion of Far  F ie ld  
The expression f o r  E(x) i n  (31) i s  now i n  the  appropr ia te  form -- 
f o r  an asymptotic eva lua t ion  by the  method of s t eepes t  descent [ S I .  
i n t e g r a l s  of t h e  form 
(31)  conta ins  
where w >> 1, and 8 i s  a parameter independent of p ,  and 
~ ( p , d =  p + ) t a n o l r , , ,  . 
The p r i n c i p a l  con t r ibu t ion  t o  I comes from t h e  range of p i n  t h e  neighborhood 
of thh s t a t i o n a r y  poin ts  p def ined by j 
Then M(p, e) may be expanded i n  a power series around p j ,  t runcated a t  the  
f i r s t  non-zero d e r i v a t i v e  of M(p,e). If 
then  
Since w = p s i n  8 ,  t he  f a c t o r  w - ~  i n  ( 3 4 ) ,  toge ther  w i th  the  l i k e  f a c t o r  
(p  s i n  e ) - %  preceding the  i n t e g r a l  i n  (31) leads t o  t h e  f ami l i a r  pel = l/(k,R) 
o r  inverse-d is tance  dependence of E. 
However, if, i n  t h e  neighborhood of p t h e  cond i t ion  
j’ 
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i s  not  s a t i s f i e d ,  where M(") (p j )  = [anM(p)/apnIl 
an accu ra t e  approximation. I n  p a r t i c u l a r ,  i f  
then (180) i s  not  P = p j '  
then ( 3 4 )  i s  e n t i r e l y  inappl icable .  
case  i n  t h e  v i c i n i t y  of c e r t a i n  angles  8 = OB, w i l l  be t r e a t e d  i n  Sec. 2 . 2 . 2 . 5 .  
This s i t u a t i o n ,  which develops i n  the  VLF 
To apply the  above method, i t  is  f i r s t  necessary t o  determine the  
j 
P I C O S  0 G  , s t a t i o n a r y  po in t s .  S ince ,  i n  (27) , z i s  sma l l ,  we can regard e- 
a s  p a r t  o€ the  amplitude f a c t o r  represented a s  Q(p) i n  ( 3 2 ) .  Furthermore, as 
noted e a r l i e r ,  SI is negat ive imaginary, corresponding t o  the  f a c t  t h a t  t he  
ord inary  wave does not propagate so t h a t  only o2 need be considered h e r e a f t e r .  
Hence (33) y i e l d s  f o r  the  s t a t i o n a r y  points 
b '  bp (?+Ita" 014) = 0 
o r  
Since 0 is the  angle  which the  r ad ius  vector  from the  source t o  the observa t ion  
poin t  makes wi th  t h e  t e r r e s t r i a l  magnetic f i e l d ,  (37)  s t a t e s  t h a t  t he  s t a t i o n a r y  ' 
poin t  occurs  a t  t he  value of p where a l i n e  making ' the angle  0 t o  t he  o rd ina te  
on a graph of ;iZ vs .  p i s  perpendicular t o  the  curve. Thus i t  i s  now necessary 
t o  examine & ( p )  t o  determine the values of 0 f o r  which (37) is  s a t i s f i e d .  This 
i s  c a r r i e d  out  i n  Sec. 2 . 2 . 2 . 3  f o r  a t y p i c a l  VLF s i t u a t i o n .  
2 . 2 . 2 . 3  Var ia t ion  o f o 2  With p 
The expression f o r  o2 i n  terms of t he  ionosphere parameters 
cy1 and cy3 i s  given by ( 1 5 ) .  These parameters a r e  def ined by 
x u  
of,= I-- 
u2-ya 
. '  
where 
u ’ I ’ L L ,  
Writing 
then w e  have 
x. = I - -  
I - y ’  ’ 
- 
a3 - I- x 
A t  V U ,  we have 
x > >  I ,  y’” I ,  
so  that these become 
a x -  a, *- 
Y2 = 4 ‘  
In a typical  VLF case ,  may be in the order of 1 6  t o  l o” ,  while 53 may 
be in the order of -10’ to -lo6, so  that 011 /F3 i s  i n  the order of lT3. 
 CY^,^ may be written i n  the form 
where 
’ u =  p ’&, + “3)‘20q~X3 
w = - 9 4 3  (p’ “3)(& p 2- (XI oc3 - o(, +a( 3 ) . 
U and W ,  in turn, may be written i n  forms similar to (173): 
u-- u,-Liz U2+0(L2)  
w = w, -it hJ, + OL”) 
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where 
From (38a),  F3 i s  negat ive a t  VLF.  Hence flz i s  negat ive,  s o  t h a t  r. 
i s  imaginary, corresponding t o  a non-propagating wave. Thus w e  may confine 
a t t e n t i o n  t o  C2 alone.  
Introducing (40) i n t o  (15), and wr i t i ng  0 i n  t he  form (27) ,  we ob ta in  i n  
As a l r eady  pointed o u t ,  o2 is  an even func t ion  of p ,  s o  t h a t  a p l o t  of - - 
o2 or  32 v s .  p w i l l  be symmetrical with r e spec t  t o  t he  o r d i n a t e  p = 0. 
For l a rge  p ,  ';z approaches the  asymptotic value 
( i q A  = 2 (- z, /+ p 
(&?a)*/p' q - z 1 / z 9 y  = f I/y 
which r e p r e s e n t s  s t r a i g h t  l i n e s  through t h e  o r i g i n  of s lope  
1 
Furthermore it  can be shown t h a t ,  f o r  the VLF condi t ions given by (38a) ,  ( 4 l a )  
and (42) have no common r o o t ,  so  t h a t  the curve of f2 v s .  p never i n t e r s e c t s  
the asymptotes. 
To i n v e s t i g a t e  t h e  behavior of Ea i n  t h e  neighborhood of p = 0 ,  (41b) 
may be exnanded i n  a power series i n  p .  This y ie lds  
32 
Since the  c o e f f i c i e n t  of p i s  ze ro ,  & / a p  = 0 a t  p = 0. Furthermore, f o r  t h e  
V U  case  considered h e r e ,  t h e  second de r iva t ive  the re  i s  nega t ive ,  so t h a t &  
has a r e l a t i v e  maximum a t  p 
z a / a p  has a r e l a t i v e  minimurn, 
0. I n  add i t ion ,  sa /ap = 0 a t  p = m, where 
being given by 
where 
UH = 2 #143 (z, - al J(2, - I) 
W, = -OC,S, (., - Z J ~ ( G ~  - I ) [ ( ; ,  + z 3y-(d, 3)(o(, - r>j , 
Between t h e  m a x i m u m  of & a t  p = 0 and the  minimum a t  approximately 
]E3 I f ,  t h e r e  i s  .an i n f l e c t i o n  poin t  a t  an absc i s sa  pB. The express ion  f o r  pB 
i s  q u i t e  complicated,  so t h a t  a numerical s o l u t i o n  f o r  i t  i s  requi red .  
a . rough e s t ima te  of i t s  loca t ion  is t h a t  it is midway between the  maximum 
and minimum. Thus we estimate t h a t  
However, 
pe PM/2 = ( - Q + / 2  , 
It is  then  r e a d i l y  found t h a t  
Thus, f o r  t h e t y p e  of VLF situation considered here, where 
-.E& w 7  a,77 1 ,  
t h e  s l q e  zf t h e  $a -cl~rvp i n  s t e e p e s t  a t  t he  i n f l e c t i o n  p o i n t ,  where i t  is  
approximately four t i m e s  t he  s l o p e  of the asymptotes. 
From the  above developments, a graph of Z2 vs  p has the  gene ra l  form 
shown i n  F ig .  18. 
p 
The s lope  of t h i s  curve is  27../ap. This s lope  i s  zero  a t  
0 ,  decreases  wi th  increas ing  p t o  a minimum ( i .e . ,  maximum negat ive)  va lue  
33 
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F i g .  18 Plot of F..(p) 
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a t  an i n f l e c t i o n  point pB, then increases  again t o  ze ro  a t  p = 
on i s  p o s i t i v e .  
where 
) and from there  
As p -, m )  the  s lope  approaches asymptot ical ly  the value t a n  CIA, 
I 
t an oA a [- u,/a 3)z I/” , 
where y i s  the  normalized gyro frequency. For negat ive p ,  t h e  curve i s  the 
mirror  image of t he  p o s i t i v e  branch. 
Typical values  of 84 are i n  t h e  order of a few degrees. 
- 
S i m i l a r l y ,  a graph of & v s .  p is shown i n  F ig .  19. This has a monotonic 
inc rease  from a minimum a t  p = 0 t o  the  same asymptotic value a s  &. 
From Fig.  18, t h e  following conclusions are obvious: 
(a) For 8 < 8,) where 
t n el3 = - 1 ( a +dP * Pa I 
t h e r e  are two s t a t i o n a r y  po in t s  i f  tan 8 > t a n  8 
the  region 0 < p p,), or t h r e e ,  i f  t an  9 < t a n  
(from the p o s i t i v e  branch i n  A 
( the  a d d i t i o n a l  one from the  
negat ive branch i n  the region - Q) < p < - PM) 
(b) For 0 = 8,; 
d G 2 / d P l  = 0 ; 
consequently ( 3 4 )  i s  no longer appl icable  f o r  angles  i n  the v i c i n i t y  of OB, 
s i n c e  the  cond i t ion  (35) i s  v io l a t ed .  It i s  then necessary t o  perform a second- 
order  eva lua t ion  of t he  i n t e g r a l  (32). This i s  inves t iga t ed  i n  Sec. 2.2.2.5. 
- there i o  CG s t a t i e x r y  n d n t  for e > 0 . .  Thus, s h o r t -  
n ( c j  ror p > m )  r - - - - -  
wavelength components of t h e  plane wave  spectrum cannot propagate a t  an angle  
g r e a t e r  t h a n  8, t o  t he  magnetic f i e l d .  
For 8 e,, which i s  case (a) above, t h e r e  are t h r e e  s t a t i o n a r y  po in t s .  
The c o n t r i b u t i o n  of t h e  s t a t i o n a r y  point from the  p a r t  of t h e  curve approaching 
35 
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Fig .  19 Plot of F2 (p) 
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the  asymptote, i s  e a s i l y  shown t o  be negl ig ib le  because of the e f f e c t  of 
c o l l i s i o n s .  This i s  due t o  the f ac to r  
-picoselzZa e 
which is  taken i n t o  the  amplitude f a c t o r  Q(p) i n  (32). 
Z2 cy: 32 , while from (42) ,  
As shown i n  (41b), - 
C2 4 0 0 ,  sp  4 m, corresponding t o  8A. Thus the above 
exponen t i a l  f a c t o r  reduces the  con t r ibu t ion  of t h i s  s t a t i o n a r y  point  t o  a 
vanish ing  sma l l  value.  
I n  t h e  work of Arbel and Fe lsen  [ 3 ] ,  where c o l l i s i o n s  a r e  neglected,  a 
s i n g u l a r i t y  of t he  f a r  f i e l d  develops for  8 = €IA due t o  the  c o n t r i b u t i o n  from the  
asymptotic pa r t  of the  a, vs .  p curve. I n  order t o  Overcome t h i s ,  i t  was 
necessary f o r  them t o  r e v e r t  t o  a d i s t r i b u t e d  source i n  order  t o  ob ta in  a 
convergent spectrum. The i n c l u s i o n  of c o l l i s i o n s ,  h m e v e r ,  avoids t h i s  because 
of the  exponent ia l  a t t e n u a t i o n  f a c t o r .  
For an i s o l a t e d  s t a t i o n a r y  point 4 , where (34) i s  a p p l i c a b l e ,  the 
express ion  (31) f o r  the f i e l d  becomes 
where 
and L ( q )  is the  mat r ix  
- 
From (43) ,  s ince  E(&) i s  a matr ix ,  i t  is  evident  t h a t  the  f i e l d  i s  
e l l i p t i c a l l y  polar ized ,  i n  general .  Furthermore, (43) gives  the  c o n t r i b u t i o n  
of a single s t a t i o n a r y  po in t ,  
w i l l  y i e l d  a c o n t r i b u t i o n  of t he  form (43). 
I f  more than one s t a t i o n a r y  point: e x i s t s ,  each 
The vector  sum of the  s e v e r a l  
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con t r ibu t ions  then  w i l l  depend on d i s t ance ,  s i n c e ,  i n  gene ra l ,  Y w i l l  not  be 
the  same f o r  t he  s e v e r a l  s t a t i o n a r y  po in t s ,  so t h a t  an i n t e r f e r e n c e  p a t t e r n  w i l l  
develop. 
The type of r e s u l t  ( 4 3 )  ceases  t o  hold where two s t a t i o n a r y  poin ts  
approach each o t h e r ,  i .e . ,  i n  the  neighborhood of i n f l e c t i o n  poin ts  pB, and 
where the  asymptotic expansion of the  Hankel func t ion ,  ( 3 0 1 ,  breaks down, i - e - ,  
i n  the neighborhood of s i n  0 = 0. I n  the former c a s e ,  a second-order eva lua t ion  
of t he  i n t e g r a l  ( 3 2 )  i s  necessary;  t h i s  i s  ou t l ined  i n  Sec. 2.2.2.5.  I n  the  
l a t t e r  c a s e ,  a rev ised  procedure,  which is  developed i n  Sec. 2 .2 .2 .4 ,  i s  necessary.  
2.2.2.4 The Case s i n  8 Z 0 
When the  observat ion point  i s  i n ,  o r  nea r ly  i n ,  t he  d i r e c t i o n  
of t he  magnetic f i e l d ,  t he  asymptotic expansion ( 3 0 )  no longer i s  usab le ,  f o r  
then the  argument 
pw = pp sin e 
i s  not  s u f f i c i e n t l y  l a rge  t o  s a t i s f y  the  cond i t ion  pw >> 1. This condi t ion  is  
v i o l a t e d  i n  t h e  v i c i n i t y  of 0 = 0. According t o  the  f i r s t - o r d e r  eva lua t ion  i n  
Sec. 2 . 2 . 2 . 2 ,  t he  maximum and minimum loca t ions  p = 0 and p = p~ a r e  s t a t i o n a r y  
po in t s  f o r  8 = 0. Consequently the  f i r s t - o r d e r  eva lua t ion  of Sec. 2.2.2.2 i s  * 
. 
i napp l i cab le  i n  t h a t  case.  
The a p p l i c a b i l i t y  of t he  asymptotic expansion i s  determined by the  magnitude 
8 
of the  argument, which i n  the  present  case i s  composed of t h e  th ree  f a c t o r s  
p ,  s i n  0 ,  and p. Thus, f o r  an a r b i t r a r i l y  small, y e t  f i n i t e ,  va lue  of s i n  8 ,  
t he  argument can be made s u f f i c i e n t l y  la rge  by making the product pp l a rge  enough. 
For the  s t a t i o n a r y  poin t  b, which i s  l a rge ,  t h i s  i s  f e a s i b l e ,  bu t  no t  f o r  p = 0. 
Thus it  s u f f i c e s  t o  cons ider  t he  l imi t ing  case s i n  0 0,  s i n c e  the  procedure then  
w i l l  apply  both t o  p~ for  ein 0 0,  and t o  p 0, 
38 
For 8 = 0, pw = pp s i n  8 = 0, so  t h a t  Jn(pw) = 0 except f o r  n = 0, f o r  
which J (pw) = 1. 
Furthermore, L (p) con ta ins  terms with pa"', where m = 0, 1, 2 .  
i n t e g r a l  thus i s  
Consequently only the  f i r s t  type of i n t e g r a l  i n  (29) su rv ives .  
0 
The p e r t i n e n t  
I 0 
.JD = o o  
P d m + l  e-i p r l  J e - p z ~ a  lo , , a r n * ~ ~ - L p ? S  d 13 Jc P P 
This has s t a t i o n a r y  po in t s  a t  z & / a p  = 0. A f i r s t - o r d e r  eva lua t ion  of  t he  
i n t e g r a l  around a s t a t i o n a r y  point  P thus i s  S 
- Pr ?2 t'PJ .-i p 5 2  (PSI .4 m + I  e -1: f P(P- P d ' g  ( ' V P d d p  Is= e C P  
For Ps = 0, the magnitude of the i n t e g r a l  i n  t h i s  expression i s  
Thus the decrease of t he  f i e l d  with d i s t ance  i s  a t  least  as r ap id  as p-l. 
On the  o t h e r  hand, f o r  Ps = P which i n  t h e  VLF case i s  M' 
.L 
:pn = 6 d 3 )  
and thus  very l a r g e ,  t he  f a c t o r  p '* i n  t h e  i n t e g r a l  i s  slowly varying i n  the 
neighborhood of the s t a t i o n a r y  point ,  so t h a t  i t  may be set  equal  t o  p 
taken o u t  from under the i n t e g r a l ,  
and M 
The r e s u l t  then becomes 
so t h a t  t h e  
pH' An equal  con t r ibu t ion  r e s u l t s  from t h e  s t a t i o n a r y  po in t  a t  - 
above value i s  doubled. This l eads  t o  a d i s t a n c e  dependence of  t he  f i e l d  of p-3.  
The angle  over which t h e  r e s u l t  (44) holds  i s  a func t ion  of d i s t a n c e ,  s i n c e ,  
as a l r eady  pointed o u t ,  f o r  any f i n i t e  value of s i n  8 t h e  product pw becomes 
l a r g e  a t  a s u f f i c i e n c i y  iaigr distaiizc. 
t o  t h e  f a c t  t h a t  i n  t h i s  d i r e c t i o n  propagation is two-dimensional. 
Of the th ree  s t a t i o n a r y  po in t s  a t  0 = 0 ,  the  one a t  p = 0 is of lower o rde r  
The p-4 dependence f o r  8 = 0 corresponds 
i n  t h e  f a r  f i e l d  than  those a t  p = 
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2.2.2.5 Second-Order Evaluat ion of Far F i e l d  
I n  the f i r s t - o r d e r  eva lua t ion  of (32), ~ ( p , e )  i s  expanded i n  a 
power s e r i e s ,  which i s  terminated a t  t h e  second degree term, on the  assumption 
t h a t  h igher  order  terms a r e  neg l ig ib l e  i n  comparison t o  i t .  S p e c i f i c a l l y ,  t h i s  
demands t h a t  (35) be s a t i s f i e d .  I n  the  neighborhood of PB, where (36) ho lds ,  
t h i s  condi t ion  i s  v i o l a t e d ,  so t h a t  it i s  necessary t o  c a r r y  the  power s e r i e s  
expansion t o  include the  t h i r d  degree term, which involves  d3) (p) .  
The vanishing of t he  second de r iva t ive  i s  due t o  the  coalescence of two 
neighboring s t a t t o n a r y  po in t s  
t o  (37) .  
, b. Both of t hese  s a t i s f y  (33 ) ,  which leads 
It i s  then p re fe rab le  t o  expand t h e  exponent ia l  about the  poin t  pB 
r a t h e r  than the  s t a t i o n a r y  po in t ( s ) .  This is  accomplished by w r i t i n g  the  exponent 
where 
and 
The exponent has  s t a t i o n a r y  po in t s  a t  t l ,  a = f y ,  and these  must be made t o  
co inc ide  w i t h  p l ,  p a .  Hence 
t = -A + [ M ( p, e) - M (pa d],. 
With the  exponent i n  the  above form, the i n t e g r a t i o n  path passes through t h e  
t h r e e  p o i n t s  t = y ,  0,  - y and passes  off t o  i n f i n i t y  a long s t e e p e s t  descent  
, 
l i n e s  from * y [ 6 ] .  
a l t e r n a t i v e l y ,  t he  modified Hankel funct ions of o rde r  one - th i rd  [ 7 ] .  The 
r e s u l t  i s  t h a t  t he  f i e l d  becomes 
The i n t e g r a l  then leads t o  the Airy func t ions ,  o r ,  
d6 A no tab le  f e a t u r e  of t h i s  r e s u l t  i s  t h a t  t he  f i e l d  varies wi th  d i s t a n c e  as p- , 
which i s  slower than the normal p - l .  
from the  coalescence of t he  two s t a t i o n a r y  po in t s  a t  8 = 8,. 
8 = 0 ,  t he  angular  range of (45) decreases with inc reas ing  d i s t a n c e .  
This i s  due t o  focusing which r e s u l t s  
A s  i n  the case of 
Since 8, i s  the  maximum angle  a t  which a s t a t i o n a r y  p o i n t  occurs ,  the angle  
8, r e p r e s e n t s  t he  boundary of t he  cone of propagating r a y s .  
propagation t akes  p l ace .  
approximately four-t imes 8,. 
For 8 > OB, no 
I n  Sec. 2.2.2.3 an estimate of 8, w a s  given as 
n u s ,  t y p i c a l  values  of 8, a t  VLF are around 10'. 
2.3 IMPEDANCE OF AN ELECTRICALLY SMALL MOP 
I n  SR 1 the  a n a l y s i s  of t he  impedance of an e l e c t r i c a l l y  small loop w a s  
given. This w a s  l e f t  i n  a form which required numerical i n t e g r a t i o n s  t o  e v a l u a t e  
the r a d i a t i o n  r e s i s t a n c e .  Further  work has  l ed  t o  a simple closed form r e s u l t  
f o r  t he  l i m i t i n g  cases  of loop axis  p a r a l l e l  and perpendicular  t o  the  t e r r e s t r i a l  
magnetic f i e l d .  From these  r e s u l t s  i t  i s  found t h a t  t he  r a d i a t i o n  r e s i s t a n c e  
of an e l e c t r i c a l l y  s m a l l  loop i s  many orders  of magnitude higher  i n  the 
ionosphere than i n  f r e e  space and va r i e s  only a s m a l l  amount w i th  o r i e n t a t i o n .  
The loop thus appears t o  be an almost i d e a l  type of  r a d i a t o r  f o r  VLF f requencies  
i n  the  ionosphere.  
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2 . 3 . 1  Discussion of Loop Impedance P r o p e r t i e s  
The impedance of  an e l e c t r i c a l l y  small loop w a s  reduced t o  the  form 
Z=Z,+Z2,+Z2* 
where 
= n  
r ,+ fa  
+ -  
A i s  the  e l e c t r i c a l  circumference of the loop, and a the e l ec t r i ca l  h a l f -  
width of t h e  s t r i p  c r o s s  s e c t i o n  considered. 
Since the inductance of the s t r i p  loop i s  
i t s  r eac t ance  i s  
4 A  I 
a 2  
-L o L = i  y o  h f  A IOCJ(- -- ) 
g(+-->=z, I (I 
2 
= R -  1 3 0 n A  lo 
( 4 7 )  
Consequently, Z, i s  p r e c i s e l y  the induct ive reactance of the loop, and i t  i s  
independent of the ionosphere parameters o r  loop o r i e n t a t i o n .  
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(47) and (48)  a r e  complicated expressions f o r  GI and G 2 .  However, i t  
is  poss ib l e  t o  s impl i fy  these  g r e a t l y  by v i r t u e  of the  f a c t  t h a t  t he  loop i s  
e l e c t r i c a l l y  small, so t h a t  A i s  a small quan t i ty .  Hence, i n  the  summations i n  
(47) and (48)  we need r e t a i n  only the  f i r s t  term. This  g ives  
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I n  the free-space c a s e ,  Z,, reduces t o  
Z,, = R,,  = 8c) ,'A' (50) 
which i s  the  f a m i l i a r  r a d i a t i o n  r e s i s t a n c e  of a small  loop [8]. 
f ree-space c a s e ,  i s  purely imaginary. 
r e l a t i v e  t o  the reactance 2, , which i s  of o rde r  A .  
Z, , i n  t h e  
Since i t  i s  of order  A3 , i t  i s  n e g l i g i b l e  
I n  g e n e r a l ,  both Z,, and Z, have r e a l  and imaginary p a r t s .  This i s  p a r t l y  
due t o  the e f f e c t  of c o l l i s i o n s .  Even i n  the c o l l i s i o n l e s s  c a s e ,  however, t he  
i n t e g r a l s  i n  Z,, and Z,, have both r e a l  and imaginary components when CY, and a3 
have opposi te  s igns .  This s i t u a t i o n  p r e v a i l s  i n  t h e  VW case being considered 
here .  The imaginary ( r e a c t i v e )  p a r t s  of GI and should be n e g l i g i b l e  r e l a t i v e  
t o  Z., , s i n c e  they a r e  of o rde r  A4 and A3, r e s p e c t i v e l y ,  while  5 i s  of order  A. 
The r ea l  p a r t  of GI i s  of o rde r  A4, and t h i s  is the order  of t h e  free-space 
r e s i s t a n c e  (50). 
r e s i s t a n c e  of order A3. Consequently, a loop r a d i a t e s  more e f f i c i e n t l y  a t  V L F  
i n  the  ionosphere than i n  f r e e  space. 
The r ea l  p a r t  of G Z ,  on t h e  o the r  hand, r ep resen t s  a 
I n  view of t h e  importance of t h i s  conclusion, i t  i s  of i n t e r e s t  t o  determine 
the  p r o p e r t i e s  of t h i s  r e s i s t a n c e  term which arises from y,. 
involve a @ - i n t e g r a t i o n ,  a double i n t e g r a t i o n  is  involved. One of t hese  
i n t e g r a t i o n s  may be performed by transforming from (p,B)-coordinates back t o  
(0 ,r$) -coordinates and c a r r y i n g  out  t h e  a - i n t e g r a t i o n .  This gives  
Since the  Q - t e r m s  
4 where R = [l - (1 - 5) s i n 2 g s i n 2 @ j  . The l a s t  term i n  the braces i s  a pure 
r eac t ance ,  so  t h a t  i t  does not  represent  a r a d i a t i o n  r e s i s t a n c e  term, and so  may 
a3 
be neglected i n  the present discussion.  The f a c t o r s  <i)12)$(3) are 
The f a c t o r  (a3)-% -i(x-l)'%, where x is the square of the normalized plasma 
frequency, i s  negat ive imaginary i n  the c o l l i s i o n l e s s  VLF-case (x >> 1). Hence, 
i n  t h e  range of $ f o r  which the radicand i n  the  denominator of (51) i s  p o s i t i v e ,  
a r e s i s t a n c e  term r e s u l t s .  
whichever i s  smaller .  
This range of $J i s  0 t o  sinM1[(la), /a3) fs ine ' )  o r  n/2,  
1 
For tuna te ly ,  i t  i s  poss ib l e  t o  ca r ry  out t h e  f i n a l  @ - i n t e g r a t i o n  of (51) f o r  
i3 = rr/2 i n  the nearby c o l l i s i o n l e s s  case.  (It is  s t i l l  necessary t o  r e t a i n  a 
sma l l  c o l l i s i o n  term i n  the  radicand t o  keep  G2 f i n i t e )  
becomes t r i v i a l  f o r  0 = 0 ,  w e  can also obtain the range of v a r i a t i o n  of t h e .  
r e s i s t i v e  component of w i t h  t h e  loop o r i e n t a t i o n  0 .  
Since the i n t e g r a l  
For 0 = n/2, 
where 
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d - d  
k ' : U  : I-b'  , 
A 3  (53) 
In the V U  case of interest  here,  where the normalized ionosphere parameters 
x and y are large, and z i s  small ,  
and 
2 U 2 Z  a,u, s -- 2 t i -  
Y Y' ' 
so that 6;) i s  negl ig ib le  i n  comparison with 4:) . Also 
Consequent l y  
Then 





t a n  4 , =  y .  (55) 
Thus 
R(4,) =(-A 7 . 
For @ > dl , the  rea l  p a r t  of R2 becomes negat ive,  so t h a t  R becomes approximately 
purely imaginary. Thus t h i s  range of @ con t r ibu te s  a reactance term, w i t h  which 
w e  a r e  not concerned. Hence, t o  f i n d  the r e s i s t a n c e  c o n t r i b u t i o n ,  RZz, of (105) 
w e  r ep lace  the  upper l i m i t  of the i n t e g r a l  by Then 
I n  the in t eg rand ,  w e  w r i t e  
He nc e 
k'ccs4 - - 2 b ' * 2  b R  
(b + R)' (I- b')ccs'+ I- 
so t h a t  
where F(4,k) and 
r e spec t ive ly .  S ince ,  from (52a), b i s  almost purely imaginary, t h e  las t  t e r m  
does not  c o n t r i b u t e  a r e s i s t a n c e  term. Further ,  from (54a) and (55), 
,k) a r e  the  e l l i p t i c  i n t e g r a l s  of the f i r s t  and second k ind ,  
R(Q,)ta.n Q, * (2& e-&* 
which i s  very small  i n  v i r t u e  of the condi t ion z << t. Hence w e  o b t a i n  
S i n c e ,  from (55), 
w e  have 
= tan-’y e n/2 ,  and from (53a) k2 = 1-b2 w 1 + l/f w 1, 
‘ (4J,  k, * 
Consequently (56) becomes 
For 0 = 0, 
so t h a t  
Hence 
From (57) and (58), 
. .  Furthermore, from (57) and (50), 
In a typical VLF case, for example, 
y e 4 0  
log y‘ 5 
x I -*IO , Y 
Consequently, from (59), the radiation resistance of a small loop in the 
ionosphere varies only a small amount with loop orientations (about 4 db). 
Furthermore, from (60), the radiation resistance is many orders of magnitude 
greater than in free space (about 1 @ / A  for the above parameters). For a single- 
turn loop of l-meter diameter, A = 617 - l W 5 ,  so that this factor is about 1%. 
From (58), the radiation resistance of this single-turn loop at 18 kc in the 
above ionosphere is about l(r4 ohm. 
have a radiation resistance of 0.1 ohm, etc. 
Hence a 10m diameter single-turn loop would 
(58) shows that the radiation resistance of a small loop in the ionosphere 
varies as A3 , while in free space it varies as A*. 
A = b r ,  where r is the loop radius, the radiation resistance increases as the 
fourth power of the radius or of the frequency. 
resistance increases as the cube of the radius. Since 
Thus in free space, since 
I n  the ionosphere, the radiation 
49 
. i t  follows from (58) t h a t  the r a d i a t i o n  r e s i s t a n c e  i n  the ionosphere increases  
only as  the square of the frequency i n  the VLF region.  
In view of the favorable  r a d i a t i o n  proper t ies  of a VLF loop for r a d i a t i o n  i n  
the ionosphere, i t  i s  of i n t e r e s t  t o  c a l c u l a t e  the impedance fo r  a p r a c t i c a l  c ross  
sec t ion  such a s  a round wire,  ins tead  of the f l a t  s t r i p  used i n  the a n a l y s i s .  
For a s i n g l e  turn  loop of rad ius  r , made of round wire of rad ius  a ,  the 
inductance i s  
6r  
L = 4 n n  10’ loq ( A - 1.75) 
so t h a t  i t s  reactance i s  
X , =  120 n c1( log g - I* 7 5 )  
where A = 2m/ko.  
Ca lcu la t ions  w i l l  be made f o r  a loop 10 meters i n  d-ameter and a frequency of 
18 kc. Then 
R - Z H  c / k o =  6~  IO'^, 
For a wire diameter of 2.5 cm, r /a  = 10/0.025 = 400, and 
X, = 4.56 ohms. 
A s  shown above, the  r a d i a t i o n  r e s i s t a n c e  of a 10-m loop a t  18 kc i s  approximately 
0.1 ohm. Hence the Q-factor of such a loop i s  
Q = X,/R w 50. 
The above values of reactance and r a d i a t i o n  r e s i s t a n c e  i n d i c a t e  t h a t  a 10-m 
loop would be easy t o  feed e f f i c i e n t l y .  
conclusion t h a t  a properly designed loop can be an e f f i c i e n t  ancenna f o r  VLF 
r a d i a t i o n  i n  the  ionosphere. 
Hence these  c a l c u l a t i o n s  lead t o  the 
3 .  NONLINEAR DIAGNOSTICS 
There i s  a profusion of nonl inear  e f f e c t s  which can occur i n  a plasma. 
These range from harmonic generat ion and wave i n t e r a c t i o n  t o  i n s t a b i l i t i e s  and 
the  generat ion of o s c i l l a t i o n s  due t o  i n t e r a c t i o n  of e lectromagnet ic  waves and 
e n e r g e t i c  p a r t i c l e  streams. The present  s t u d i e s  are aimed a t  s e l e c t i n g  the  types 
of nonl inear  e f f e c t s  which can be used t o  determine b a s i c  p r o p e r t i e s  of  the plasma, 
and thus form t h e  b a s i s  of . d i agnos t i c  techniques.  
A s  an i n i t i a l  problem, the combination frequencies  set up i n  a w a r m  plasma 
by an app l i ed  f i e l d  con ta in ing  two r a d i o  frequencies  are being i n v e s t i g a t e d .  Since 
the  combination frequency cah be s e l e c t e d  t o  bea r  non-harmonic r e l a t i o n  t o  the  
app l i ed  frequencies ,  t h e  r e s u l t  can be made s u b s t a n t i a l l y  independent of instrumental  
n o n l i n e a r i t i e s .  
3 . 1  MATHEMATICAL DESCRIPTION OF PLASMA 
A plasma i s  r i g o r o u s l y  descr ibed by the coupled system of Maxwell's equat ions 
p lus  t h e  Boltzmann equat ions f o r  t he  e l e c t r o n s  and ions .  Instead of t he  Boltzmann 
equat ions,  t h e  magnetohydrodynamic (MHD) equat ions which can be der ived from t h e  
Boltzmann equa t ions  by taking v e l o c i t y  moments can be used. The advantage i s  t h a t  
t h e  MHD equa t ions  are  much easier t o  handle than the  Boltzmann equat ions.  
A plasma i s  considered i n  the e l e c t r o n  gas approximation i n  which t h e  p o s i t i v e  
, 
i ons  are considered immobile. This approximation, is  v a l i d  i f  t he  f requencies  of 
because of t h e i r  l a r g e  mass. 
To i l l u s t r a t e  t h e  methodology, t he  MHD;Maxwe11 equat ions w i l l  be made i n t o  
a c losed  system by neg lec t ing  thermal e f f e c t s ;  i . e . ,  a "cold" plasma i s  considered.  
f 
This procedure i s  followed only a t  t h e  i n i t i a l  s t a g e s  of the i n v e s t i g a t i o n .  





r e l a t i v e l y  simple s e t  of equat ions.  Once t h i s  po in t  has  been demonstrated, the 
more complicated equat ions f o r  the ho t  plasma can be considered with confidence.  
The e l e c t r o n  d e n s i t y  i s  w r i t t e n  as 
n = no + n '  
where % i s  constant  and equal t o  t he  ion d e n s i t y .  
zero average value,  which i s  a funct ion o f  t i m e  and space.  S imi l a r ly ,  the magnetic 
f i e l d  i n  t h e  medium i s  decomposed i n t o  
n '  i s  a perturbed d e n s i t y ,  of 
where & i s  the e x t e r n a l  s t a t i c  magnetic f i e l d  and & i s  the i n t e r n a l  magnetic 
f i e l d  due t o  the moving charges.  The equations f o r  t he  cold plasma then can be 
pu t  i n t o  t h e  following form: 
where : 
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I n  ( 4 ) )  i s  the gyro frequency 
and V i s  the c o l l i s i o n  frequency, which is  assumed t o  be cons t an t .  
(61) and (62) have been w r i t t e n  so t h a t  t he  l i n e a r  terms a r e  on the  l e f t  and 
the nonl inear  terms are on the  r i g h t .  
The b a s i c  assumption of the method used i s  t h a t  t h e  n o n l i n e a r i t i e s  are 
s u f f i c i e n t l y  small  and s u f f i c i e n t l y  slowly varying i n  space and t i m e  t h a t  a 
pe r tu rba t ion  method can be used t o  solve (61) and (62). 
The ze ro  o rde r  s o l u t i o n s  of (61) and (62) are def ined by s e t t i n g  E = 5 = 2. 
Plane wave s o l u t i o n s  of the r e s u l t i n g  equat ions can be e a s i l y  found and are w e l l  
known. 
a l s o  a s o l u t i o n  of t hese  equat ions.  
Since the equat ions are l i n e a r ,  a l i n e a r  combination of plane waves i s  
TI. ne-ar -1  thara  ’ J Y ~  th-aa nlnnn ~ . ~ ~ i t n  mnrlae iz 8 ccld p l = ~ m = ,  t l . 7 ~  cf r.?hich *** 6-..k.u-, b..b*G U L _  -..*-- r......u ..I-.- ..*-..-I
propagate,  while  t he  t h i r d  r ep resen t s  a plasma o s c i l l a t i o n  a t  t h e  plasma frequency. 
I f  f i n i t e  temperatures are considered) then a l l  t h r e e  modes propagate.  
In  view of the above d i scuss ion ,  the zero o rde r  f i e l d  i n  the plasma i s  taken 
t o  be: 
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where * denotes the complex conjugate .  The s u b s c r i p t  j l a b e l s  q u a n t i t i e s  
r e f e r r i n g  t o  the  two appl ied frequencies ,  while the s u p e r s c r i p t  i l a b e l s  t he  
th ree  plasma modes f o r  each j .  The r e l a t i o n s h i p  between W j  and K ( i ) i s  determined 
by so lv ing  a well-known a lgebra i c  equation. 
p o l a r i z a t i o n  of the plasma modes i s  obtained.  
-j 
In solving t h i s  equat ion,  the 
The ze ro  o rde r  expressions f o r  €Ii, n ' ,  and y- are e a s i l y  found from knowledge 
of &('). 
approximations $')and g") t o  E and E. 
( 6 4 )  t h a t  E(') and S") w i l l  con ta in  terms with frequencies  equal  t o  a l l  combinations 
of W .  with j = 1,2. 
By us ing  these  expressions i n  ( 6 3 )  and ( 6 4 )  one can e a s i l y  compute f i r s t  
I t  i s  obvious from the  forms of ( 6 3 )  and 
J 
Using E") and G") i n  (61) and ( 6 2 ) ,  r e s p e c t i v e l y ,  f i r s t - o r d e r  equat ions f o r  
- E and 
these equa t ions  then give a f i r s t - o r d e r  pe r tu rba t ion  s o l u t i o n  of the problem. 
The plzszz g r z ~ s r t i e s  f j  end U) e n t e r  the p o l a r i z a t i o n  p r o p e r t i e s  of t he  waves, 
so  t h a t ,  f o r  example, a measurement o f  the r e l a t i v e  amplitude and phase by a 
probe w i l l  a l low these  q u a n t i t i e s  t o  be deduced. 
This method i s  being appl ied t o  the  more i n t e r e s t i n g  problem of a warm plasma 
of t he  combination frequencies  W1 * % can be obtained.  The s o l u t i o n s  of 
P 
which i s  e x c i t e d  a t  a sheath.  I n  p a r t i c u l a r ,  wave p r o p e r t i e s  which can be  measured 
t o  deduce e l e c t r o n  temperatures w i l l  be sought. 
5 4  
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